Log-Harnack Inequality for Gruschin Type 

Semigroups* 

Feng-Yu Wang 1 )' 2 ) and Lihu Xu 3 ' 

1 ' School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China 
2 ) Department of Mathematics, Swansea University, Singleton Park, SA2 8PP, UK 
Email: wangfy@bnu.cdu.cn; F.Y.Wang@swansea.ac.uk 
•^Department of Mathematics, Brunei University, Uxbridge, UB8 3PH, UK 
Email: Lihu.Xu@bruncl.ac.uk 

March 6, 2013 



Abstract 

By constructing a coupling in two steps and using the Girsanov theorem under a 
regular conditional probability, the log-Harnack inequality is established for a large 
class of Gruschin type semigroups whose generator might be both degenerate and non- 
Lipschitzian. 
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1 Introduction 

In recent years, regularity estimates has been investigated for some typical subelliptic diffu- 
sion semigroups, see [TQl [251 EZ] for the study of generalized stochastic Hamiltonian systems, 
and see [HI El El [H] for gradient estimates and Harnack inequalities on Heisenberg groups. 
This paper aims to investigate the log-Harnack inequality introduced in [161 EH] for Gruschin 
type semigroups whose generators are degenerate and possibly singular. This inequality is 
a weaker version of the dimension-free Harnack inequality introduced in [17], and have a 
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and the Fundamental Research Funds for the Central Universities. 



1 



number of applications to heat kernel estimates and transportation-cost inequalities, see e.g. 
[2T| Section 4]. 

Let us start with the classical Gruschin semigroup on M 2 with order / > 0, which is 
generated by 



where B t := (Bf',Bf') is a two-dimensional Brownian motion. Clearly, the equation is 
degenerate, and when I < 1 the coefficient in the second equation is non-Lipschitzian. In 
the simplest case that 1 = 1, the generalized curvature-dimension condition introduced in [5] 
holds, so that the gradient estimates and Harnack inequalities derived in jU |5] are valid for 
the associated semigroup. When / is a natural number larger than 1, a more general version of 
curvature condition has been confirmed in [ST], which also implies explicit gradient estimates 
of the semigroup. Moreover, for general I > 1, a Bismut type derivative formula was derived 
for the semigroup in [SU] by using Malliavin calculus. However, due to the singularity of the 
coefficient, the arguments used in these papers are no longer valid if I G (0, 1), and except 
for I = 1, the log-Harnack inequality is not yet known for the semigroup. In this paper we 
aim to establish the log-Harnack inequality of the Gruschin semigroup for all / > 0. But, 
our argument used in the paper does not imply the dimension-free Harnack inequality in the 
sense of [T7| for the Gruschin semigroup. 

A key tool in the study is the coupling method by change of measure introduced in 
[TJ. This method has been developed and applied to various finite- and infinite-dimensional 
models, see e.g. [iQl H21 [13l HH HH HH [231 E21 EH ES] and references therein. Due to the 
high degeneracy (for large /) and the singularity (for small /) of the coefficient, we have to 
overcome new difficulty in the study. 



We consider the following: more general SDE for X t := (A^ (1) ,xf } ) on R m x R d = 
R m+d (m,d> 1): 




The corresponding diffusion process can be constructed by solving the SDE 




(1.1) 





a- 



are measurable, and , , are continuous in the second variable. Assume 
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(Al) There exists a decreasing function A : [0, oo) — > (0,oo) such that a^(t)a^(t)* > 

t > 0. 

(A2) There exists an increasing function K : [0, oo) — > R such that 

(6«(t,x«) - 6 (1) (t,2/ (1) ),x« - y«) < K t \x<» - y W \ 2 , t > 0,x« y« G R"\ 

(A3) There exist increasing functions 6 : [0, oo) — > R, h : [0, oo) — >• [1, oo) and 99. : [0, oo) 2 — > 
[0, 00) with <p(0) = such that 



(b^(t,x) - b W(t,y),xW -y^) + l\\^ 2 \t,x^)-a^(t,y^)\\ 2 HS 
< Q t \x® - + - y«| 2 )M|x (1) | V 

holds for all t > and x = (x^\x^),y = (y {1) , y {2) ) G R m+d . 

It is well known that (A2) implies the existence, uniqueness and non-explosion of strong 
solutions to the first equation in (jl.ip . Once is fixed, then it follows from (A3) that the 
second equation in (11.11) admits a unique global solution. Note that (A3) allows a^(t,-) 
to be merely Holder continuous when e.g. (ft{r) = r ° f° r some constant a G (0, 1). For any 
x = (x (1) ,x (2) ) G R m+d , we let X t (x) = (X^\x), xf \x)) denote the solution to JTTJ with 
X = x. Since x[ 1 \x) does not depend on x^ we also write X^\x) = x[ 1 \x^). We intend 
to establish Harnack type inequalities for the associated semigroup P t : 

P t f(x) := Ef{X t (x)), f G 3? b (R m+d ),t > 0,xe R m+d . 

We remark that (Al) means that the first component process X^ is a non-degenerate 
diffusion process on R m , (A2) is the usual semi-Lipschitz condition for this process, and 
when e.g. is independent of x^ and semi-Lipschitzian in x^ 2 \ (A3) holds provided 

\\\^\t,x^) -^ 2 \tjn\ 2 HS < <Pt{\x {l) -y {1) ?)h{\xV\ V 

In particular, for the Gruschin semigroup where a^ 2 '(t,x^) = |x^|*, this condition holds 
for (ft(r) = r lA1 and h(r) = c V r^ -1 ) + for some constant c > 1. 

In order to control the degeneracy of a^(t, •), we need the condition 



1.2) Mx {1 \y (1) ) ■= sup E^HaWfaxPyH 2 sup h(\XM\ + \xU -yU\)\ < 

te[T,2T] ^ se[0,T] 



00 



for T > and x^\ y^ G R m , where E y(1) is the expectation for x[ l \y^), stands for 

the operator norm of the inverse of a d x d-matrix a, and when the matrix is non-invertible 
we take 1 1 cr 1 II = 00. 
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Theorem 1.1. Assume that (Al) , (A2) ; (A3) and (11.21) hold. Then for any strictly positive 
function f G 3§ b (R m+d ),x = (x^\x^),y = (y {1) ,y {2) ) G R m+d and T > 0, 

P2T log f(y) < log P 2T f(x) + ^ _ e _4^ } 

+ e -2e 2T T _ e -4e 2T T (l^-^l + — ^ — MW ] -v n \) 



Let us come back to the classical Gruschin semigroup for which m — d — 1, 6 < - 1 ' ) = = 
0,ffW = i anc l ff^^iW) = Then (A1)-(A3) hold for A = l,K = 6 = 0, p(r) = r iA1 

and h(r) — c\ V r^ -1 ) + for some constant ci > 1. When i G (0, |), we may take h = 1 so that 

^tO (1) ,?/ (1) ) = sup / e~ ' 2 t < ^ < oo 

te[T,2T] Jr \z\ z W^tn -l 

for some constant c 2 > 0. Therefore, according to Theorem 11.11 the log-Harnack inequality 

P2T log f(y) < log P 2T f(x) + + ^{|^ 2) - y^\ 2 + 2T|z« - yV>\*} 

holds. On the other hand, however, it is easy to see that if) T — oo for I > |. Similarly, for the 
Gruschin semigroup on M m+d , i.e. b& = 0,M 2 > = 0,a^ = I rnxm and a^(x^) = \x^\ l I dxd , 
i/jT(x^\y^) < oo (and hence log-Harnack inequality holds) if and only if / G (0, y). 

To derive the log-Harnack inequality for the Gruschin semigroup for all I > 0, we intend 
to relax the condition ( 11.21) by using the invertibility of the following integral matrix Qt to 
replace that of a*- 2 ). To this end, we will need to assume that b^ 2 \t, x) is linear in x^; that is, 
6 (2) (t, x) = Ax {2) + 6 (2) (t, x (1) ) for some d x d-matrix A and some 6 (2) G C([0, oo) x M m ; R d ). 
Let 

/•2T 

Q T = / e A ^a^(t,Xl l) )a^(t,Xi l) Ye A ^ T -^dt, T > 0. 

Theorem 1.2. ^sswme too* (Al), (A2) and (A3) hold for b {2) {t,x) = Ax {2) + U 2 \t,x w ), 
where A is a dx d-matrix and b^ G C([0, oo) x IR m ; R d ). Let 6 T = sup te r 0T i ||e _A< ||. //Qt ^ 
invertible and 



M/ T ( x (i), ?/ (i)):=E^ (1) (||Q^ 1 || 2 f / 2T ||a( 2 )(t,X f (1) )|| 2 d^ sup h(\X? ] \ + |x« -y« |) 



< OO, 



then for any strictly positive f G £§b(R m+d ) , 



P2T log f(y) <\og P 2T f(x) + 



X 2 T (1 - e - 2 ^ T ) 
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Because of Theorem 11.21 we are now able to present the log-Harnack inequality for the 
Gruschin semigroup on M m+d with any I > 0. Of course, one may also construct more general 
examples to illustrate Theorem 11.21 



Corollary 1.3 (Gruschin Semigroup). Let — 0,M 2 ) = 0, cr^ = I mxm and a^ 2 \ 



x 



\x 



^\ l Idxd f or some constant I > 0. Then there exists a constant c > such that 



P2T log f(y)< log P 2T f{x) 



\ x (l)_y(l)\2 



IT 

+ _l_^(i)|2(^D + + 12,(1)12(1-1)+ + (|x( 2 ) - yW\ 2 + 2T\x^ - y 0)\m^ 

holds for allT > and x, y G E m+d . 

In the next two sections, we will present proofs of Theorem ll.il Theorem [T72] and Corollary 
ll.3l respectively. In the proof of Theorem ll.il the additional drifts constructed in the coupling 
are adapted so that the usual argument applies. However, in the proof of Theorem 11.21 the 
drift constructed for the coupling of the second component process is merely conditional 
adapted given £(D , a new trick is then introduced to derive the log-Harnack inequality. 



2 Proof of Theorem 1.1 



Let x = (x^\x^),y = (y^\y^) and T > be fixed. The idea to establish a Harnack 
type inequality of Pit using a coupling by change of measure is as follows: construct two 
processes X t , Y t and a probability density function R such that X 2 t = Y 2 t, X = x,Y = y, 
and 

P 2T f(x)=Ef(X 2T ) 1 P 2T f(y) = E{Rf(Y 2T )}, f G 3? b (R m+d ). 
Then, by e.g. the Young inequality, for strictly positive / one obtains 

(2.1) P 2T logf(y) = E{#log f(Y 2T )} = E{R\ogf(X 2T )} < E(R\og R) + log P 2T f (x) . 

This implies the log-Harnack inequality provided K(RlogR) < oo. 

When the SDE is driven by an additive noise, this idea can be easily realized by adding 
a proper drift to the equation and using the Girsanov theorem. In the non-degenerate 
multiplicative noise case, the argument has been well modified in [19] by constructing a 
coupling with singular additional drifts. For the present model, as the SDE is driven by a 
multiplicative noise with a possibly degenerate and singular coefficient, it is hard to follow 
the known ideas to construct a coupling in one go. What we will do in this paper is to 
construct a coupling in two steps, where the second step will be realized under the regular 
conditional probability given 

(1) We first construct a coupling [X[ , Yt) by change of measure for the first component 
of the process such that X[ 1] = Y t {1) for t > T. This part is now standard as the first 
equation in (jl.ip is driven by the non-degenerate additive noise a^ 1 (t)&B^p . 
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(2) Once X t = Y t holds for t >T, the equations for X\ and Y t will have same noise 
part for t > T, so that we are able to construct a coupling by change of measure for 
them such that X<$ = Y$r- 



2.1 Construction of the coupling 

Throughout this section, we assume that (A1)-(A3) and condition (11. 2p hold. We first 
construct the Brownian motion B t as the coordinate process on the Wiener space (Q, J^~, P), 
where 

n = C([0, oo); R m+d ) = C([0, oo); R m ) x C([0, oo); R d ), 

& is the Borel cx-field, P is the Wiener measure (i.e. the distribution of the (m + d)- 
dimensional Brownian motion starting at 0). Let 

B t (u) = (£ t (1) (w),£ t (2) (w)) = (t^Uf), w = (u;« u; (2) ) G fi,t > 0. 

Then £? t is the (m + (f)-dimensional Brownian motion w.r.t. the natural filtration (^t)t>o- 
Moreover, let = cr(S t (1 } : t > 0) and J^ (2) = a(Bf ] : < s < t), t > 0. It is well known 
that the conditional regular probability P(-|^ r ^ 1 ^) given exists. This structure will 

enable us to first construct a coupling {X[ , Y^) for the first component process up to time T 

(2) (2) 

under probability P, then construct a coupling (JQ ,Y t ) for the second component process 
from time T on under the regular conditional probability F(-\JP^). For any probability 
measure P on we denote by E p the expectation w.r.t. P. When P = P, we simply 

denote the expectation by E as usual. 

Let X t = (X^\ Xi 2) ) solve the equation flTIJ) with X = x = (x«, x^). Given Y = y = 
{y^\lJ2^) £ M m+d , we are going to construct Y^ on M m and y} 2 ^ on R d respectively, such 



that Y t {1) = x[ 1] for t > T and Y$ = X$. 

(i) 



2.1.1 Construction of Y t 

Consider the equation 

(2.2) dif } = &W(t,y t (1) )df + (T«(t)d5 t (1) -v^dt, y (1) = !/ w 

where 

(1) _ 2K T \x^ - y (i)| e -^(yW _ 



;i-e-^r)| X w_y t 



(i) v(Dl WW}' 



Obviously, the equation has a unique strong solution before the coupling time 

Ti:=inf{*>0:X t (1) = y t (1) }. 

Then, letting y} 1 ^ = X^ for t > Ti, we see that (Y t )t>o is a strong solution to (12. 2p . So, 



we can reformulate ?4 as 



(, 3) ,^ ^'-f^ (i ;-5') 1[to , (f) , t >„. 



;i- e - 2 ^T)|x t (1) -y t (1) i 
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Proposition 2.1. For any t > 0, 



a -K T t _ a -K T (2T-t) 

(2.4) |X« - y«| < x _1_ 2KtT - W*) < |*« - y«|l M (*). 

Consequently, T\ < T and = /or t > T. 
Proof. By (A2) and (ESJ), we have 

d|x« - if I < C k t \x<» - r«| - 2 ^l* w - f f gT ' W t 6 [O.r,) n [0,T]. 



Then 



1 _ e -2if T T 



-_ft: T t _ -K T (2T-t) 

IX^-Y^I < x _1_ 2KtT larW-yWj, * G [0,n) A [0,T]. 



This implies that T\ <T and also (12. 4p since xf 1 ^ = for t > n. □ 
To formulate (I2.2p as the first equation in (11. ip . we let 

= ~ f e\s)ds, ^( S ):=a«(trS (1) , t > 0. 

From (Al) and (12.31) we see that £^(s) is bounded and adapted. So, by the Girsanov 
theorem, B t is an m-dimensional Brownian motion under the probability measure 
Ri(T)¥, where 

ft i r t 



<£W( a ),dB«>-ijf \e\s)\Ms 



t > 



R±(t) : = exp 

L Jo 

is a martingale. Obviously, (12. 2p can be formulated as 

(2.5) dY t {1) = F t (1) )d^ + ^ (1) (*)dB t (1) , F (1) = y« 

As shown in (12.11) . for the log-Harnack inequality we need to estimate the entropy of Ri :- 
Ri(T). 

Proposition 2.2. Let Ry = Ri(T). Then 

(2.6) E{R 1 \ogR 1 ] < K t\ x(1) - y (1) \ 2 



2K T T\ 



X 2 T {1 - e- 

Proof. By n < T, (Al), (E3D, we have 
(2.7) / |o- (1) (t) _1 ^ 1} | 2 df < 



A 2 (1 - e- 2 ^ T ) " 
Then, it follows from (12. 2 p and the definition of R\ that 

E^logi^} =Eq ( i) l0gi?! 

1. r, m^.(i), 2j _^k«-y«| 2 



iEowjf k«(t)-\ (1) | 2 dt< 



A 2 (l 



-2K T T\ 



□ 
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2.1.2 Construction of Y t {2) 

Consider the equation 

(2.8) dy f (2) = b^(t, Y t )dt + a^(t, Y^)dB t - v^dt, = yW, 

where 

(2) 2e 2r |4 2) -^ 2) |e- e ^(^ (2) -^ (2) ) 1 

* ' (e-20 2T T_ e -4e 2T T)pQ(2) _ y(2)| \t>T,x[ 2 ^Y™y 

As 1^ is now fixed, it is easy to see that (I2.8P has a unique solution before time 

r 2 := inf{t > T : x[ 2) = Y t {2) }. 
Letting Yf> = Xf> for t > r 2 , we see that (Y t )t>o solves the equation ( I2.8p . Thus, 

(2 9) m _ 2e„\X?-Y?\ e -^<(Y™-X?>) 

(2 - 9) " ie -,s„T_ e - iS2T r )lx p_ Y m l W*). 

Proposition 2.3. For any t > T, 

(2.io) |x« 2 > - >f >| < e W - ^>|l [T , 2rlW . 

Proo/. Since p.(0) = and A^ (1) = for t > T, by (A3), (J23D and It6 ' s formula we obtain 

d|*,"> - < (e 2T |xf - if | - 29 ^£' zgff^ jdt, (e[ r,x 2 )n[T,2r]. 

This implies f l2TT0|) for t e [T, r 2 ) n [T,2T]. Therefore, r 2 < 2T and fl2TT0|) holds for all 
t>T. □ 

To formulate ( 12. 8ft as the second equation in ( II. ip . we need to make use of the Girsanov 
theorem to get rid of the additional drift. To this end, let 

e 2) (s) = a^(s,YPr'vf\ se[T,2T] 

and 



R 2 (t) = exp 



/ (^dB^)- 1 - [ \^(s)\ 2 ds 



, t e [T, 2T] . 



Since B^' is independent of &( x \ the following result ensures that {i? 2 (t)}t e [T,2T] is a uni- 
formly integrable J^ 2 ^-martingale under 

Proposition 2.4. Under ¥(-\^^), {R 2 {t)}te[T,2T] is an ^ 2) -martingale and R 2 := F 2 (2T) 

Ep ( .i^)){^io g i? 2 } < ^ y 2T T ■■_ i 4e j r i dtj 

(2.11) . 

x ( e 20 - T |x( 2 ) - </ 2 )| 2 + ^— - y w \ 2 ) ) sup Ml^l + |x« - 

V Bt / te[o,T] 



8 



Proof. We make use of an approximation argument. Let £n\s) = £^(s)l{|f(2)( s )|< n }, and let 



R2,n( t ) = ex P 



\e\s)M 2) )-\ fields 



n>l,te [T,2T]. 



Then {R 2 , n ( t )}te[T,2T] is an J^ (2) -martingale under P(-|J? (1) ). So, it remains to show that 

/ f 2T 2Ql T e- 202Tt \\a ( - 2) (t,Y t {1) )~ 1 \\ 2 \ 

Ep ( .|^(l) ) {i22,„l0gi2 2 , n }(t) < I / % p -20 2T T _ p -40 2T T^2 dt ) 

(2.12) KJt 



x 



e 2e T T |x ( 2 )_ ?/ ( 2 ) | 2 + ^ i^(| x (i)_ y (i)|a) sup /.(lyWl + l^i)-^)) 



holds for all £ e [T, 2T] and n > 1. Let Q 2 ,n = i? 2 ,n( 2T ) p H^ (1) )- % the Girsanov theorem, 
under Q 2>n the process 



rTVt 

Bf>:=B®- / e\s)d Sl te[0,2T] 
Jt 

is a (i-dimensional Brownian motion. Then, by the definition of £n (s) and (I2.9p . we have 

1 /" 2T 

E P( .|^(i)){ J R2,nlogi? 2 ,n}(2T) = E Q2> „ logi?2, n (2T) = -J Eq 2> „ |f£ 2 > (s) \ 2 ds 

( 2&^-^\\oM{trt*>)-^ \ , (2) y(2)|n 

ly T ( e -2e 2T T _ e -4e 2T T)2 dt j^ m ? W) {R 2yn {2I )\X T - Y T | ). 

Since {-R2,n(^)}te[T,2T] is an J^ 2 ^-martingale under P(-|J^"W), and R 2n (T) = 1, we have 
(2.14) Ep(.|jr{D) {i? 2 , n (2T)|Xf ->ff}=E P( 

Finally, by (A3), (12.41) and Ito's formula, we obtain 

d|jrf 2) -y/ 2) | 2 <2{e T |x t (2) -yW\> + m\*® -y [1) \ 2 )K\Y t {1) \ + \x^- y ^\)}dt 

+ 2(xP-Yl 2 \{a^\t,xP)-^ 2 \t,YP)}dBP), te[T,2T]. 
Since h > 1, this implies 

^P(.|J?( 1 ))|-^T ^ — 

(2-15) ^ ^2e T T |x (2) _ y (2)|2 + e2e ' r - 1 ^ T (| x (D _ y iDfl\ sup fc ( |y«| + ^(1) _ ^1)^ 

V / te[o,T] 

Combining this with f l2TT3|) and f l2TT4"|) . we prove fl2TT2|) . □ 



(2.13) 

< 
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Proof of Theorem \l.l\ Let X t = (X^\ X^) and Y t = (Y^ ,Y^) be constructed above. Let 
R = R l R 2 . By Propositions EU E21 E31 and E31 we have X 2T = Y 2T , E m ^ ( i )) R 2 = 1, and 
noting that the distribution of under RiP coincides with that of X^(y^) under P, 



E{R\ogR} ^EUR 1 \ogR 1 )E n .^ ( i )) R 2 j + E^R 1 E n . lJF( i )) (R 2 logR 2 

K T \xW-yM\* w f / f 2T 2el T e-^\\^\t,xj 1 Yr (]f 
~ A| (1 - e - 2 ^ T ) \\J T ( e -2e 2 TT _ e -4e 2T T) 2 

x ( e 2e T T |a; ( 2 )_ ?/ ( 2 ) |2 + ^ V(|s (1) -2/ (1) r)) sup h(\xP\ + \x<»-y<»\) 

V Bt / t 6 [o,T] 

if T |x"» -»'■»!' gg^^hW^) f , 2) _ (2) 2 , _ (1) , 

— \ 2 /i ^r-^tn ~ 2 pin^r ao^T i I & c\ rrip y I ) (• 



\ 2 T (1 - e~ 2K TT) e -26 2T T _ e -40 2T T 1 1 6 

Therefore, the desired log-Harnack inequality follows from f !2. 1 j) . since under the probability 
measure Q := RF 

Jo 

is a Brownian motion on IR m+d , and Y t with Yq — y solves the equation 



df/ 2) = &( 2 )(t, F t )dt + aW(t, Y t {l) ) &B\ 2) 



t i 



so that P 2T f(y) = E Q f(Y 2T ) = E{Rf(Y 2T )} = E{Rf(X 2T )}. □ 



3 Proofs of Theorem 11.21 and Corollary 11.3 



Proof of Theorem \1.2 . Let X t = (X[ , X^) and Y^ be constructed in the last section. We 

(2) 

now modify the construction of Y t in terms of the condition < oo. Let 



Vt 



a^(t, Y^ye A *^Q- T ^ - x( 2) )l [T , 2T] (t), i > 0. 



(2) 

Let solve the equation 

(3.1) dY™ = b^\t,Y t )dt + ^\t,Y t {1) ){dBl 2) - Vt dt], y (2) = y^\ 

Since under P(-| E ^'W) the processes x[ 1 ^ and are fixed and is a d-dimensional 
Brownian motion, by (A3) this equation has a unique solution. Since X^ = Y^ for t > T, 
for the present we have 6 (2) (t,X t ) - b^(t,Y t ) = A(X$ 2) - Y t {2) ) for t > T. So, 

/2T 
e A < ar -*V«(t ) y t (1) )» fc di = o 
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as y} 1 ^ = for t > T. Therefore, X 2 t = Yzr- Moreover, let 

f? 2 = exp / (jftrf)-- / \ V t\ 2 dt 
_Jt ^ Jt 

Following the proof of Proposition 12.41 and using ( 12. 1 5ft . we obtain 

1 f 2T 

E m ^ W) {R 2 \ogR 2 } = - / E^ 2P( .|^W)I%I d< 

/3 . . /-2T 

< f{ E n-\^)\\ x r 2) -yV\\ 2 )\\QtT I \\*V(t,YM)\\*dt 

ft ( O 20 T T _ 1 ^ 

< e 2e - T |x( 2 ) - 2/( 2 f + e -— ~ y W \ 2 ) \ sup h(\Y t W \ + \ X W - 

2 I J te[o,T] 



2T 

T 



xiiQ- 1 !! 2 / ||a( 2 )(t,y«)|| 2 dt. 



Repeating the proof of Theorem 11.11 and using this inequality to replace (12.111) . we obtain 
E{(R 1 R 2 )\og(R 1 R 2 )} < 

A T (l 



e" 2 ^ T ) 



2 |^ V$t 



Since B^ is a d- dimensional Brownian motion under F(-\JF^), by the Girsanov theorem, 
under R 2 F(-\^) the process 

B {2) := B (2) - f\ 8 d8, te[T,2T] 
Jt 

is a (/-dimensional Brownian motion. Noting that 

y«=yW+ [ t bW(s,Y s )ds+ f ' aW{s,YP)dBf\ t e [T, 2T] , 
Jt Jt 

we see that the distribution of Y^j) under R 2 ¥{-\^ <yl ^ > ) coincides with that of Y^ under 
P(-|^ (1) ), where 

f ,( 2) = /^ {2) , if*G[0,n 
* " \^ 2) + />( 2 )( S ,F s )d S + />( 2 )( S ,y s (1) )dS? ) , if te [T,2T]. 

Therefore, 

E P( .^ (1)) { R 2 log /(y 2r ) } = E P( .^ (1)) { log f(Y%) , Yg)) } . 
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Combining this with X 2 t = Y 2 t, we obtain 

E{i2i^2log/(X2r)} =E{i? lJ R 2 log/(y 2T )}=Efi? 1 E P( .|^ ( i )) {^ 2 log/(y 2T )}) 
(3.3) V ' 

= E^Ep^^j log/(Y£\ Y 2 ( ,?)}) = Eji?! log/(Y 2 y\ Y 2 (2) )}. 

Moreover, again by the Girsanov theorem, under RiP the process (4 > 4 )te[o,2T] is a 
(d + m)-dimensional Brownian motion, recall that 

rTAt 



f 

b\ 1) = b\ 1) - / ^(s)ds, t£[0,2T}. 
Jo 



Noting that (Y t ,Y t ) solves the equation 

'dY t (1) = &«(*, Y (1) )d^ + W dS t (1) , Y (1) = j/W 
dif > = &( 2 )(t, Y^)dt + a( 2 )(t, F«) dSf , Y (2) = </ 2 ), 

we conclude that the distribution of {Y^t > ^zr ) under .RjP coincides with that of X 2 T(y) 
under P. Therefore, it follows from (I3.3P and the Young inequality that 

P 2T \ogf(y) = E{R 1 \ogf(Y^\Yff)} =E{R 1 R 2 \ogf(X 2T )} 
< \ogP 2T f(x)+E{(R 1 R 2 )log(R 1 R 2 )}. 

Combining this with (13. 2\\ we complete the proof. □ 

Proof of Corollary[T3 It is easy to see that (A1)-(A3) hold for A = 1, K = 9 = 0, ip(r) = 
r lA1 and h{r) = c\ V r 2 ^ _1 ^ + for some constant Ci > 1. Moreover, 

-2T 



Jt 



is invertible and 



f2T 

IIQt 1 !! 2 / lkW(xW)|| a d* 



Then, using the fact that for any r > 0, 

E sup \B { t 1] +x (1) r < c(r)(\x w \ 2r + T r ) 
te[o,T] 

holds for some constant c(r) > 0, and noting that j2TJ Lemma 3.1] implies 

-2T \ -2 



e(| |B t (1) + xW| 2J d^ 

= e{e(Y jT t - b«) + (4 1 ) +xW)| 2 ^y 2 |4 1) ) } 



c 

< 



^2(Z+1) 
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for some constant C > 0, we conclude that 



*t(x (1) ,2/ (1) ) < (e sup h(\BU+ X U\ + \xW-yU\) 2 y ^ ^ + x«| 2 ^ ^ 

< _£_ ^l^(l) |2(Z~1)+ + | y (l)|2(/-l)+ +T («-l) + j 



holds for some constant c > 0. Therefore, the desired log-Harnack inequality follows from 
Theorem O □ 
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